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ON REEB GRAPHS INDUCED FROM SMOOTH FUNCTIONS
ON 3-DIMENSIONAL CLOSED ORIENTABLE MANIFOLDS
WITH FINITELY MANY SINGULAR VALUES
NAOKI KITAZAWA
Abstract. The Reeb graph of a function on a smooth manifold is the graph
obtained as the space of all connected components of level sets such that the
set of all vertices coincides with the set of all connected components of level
sets including singular points. Reeb graphs are fundamental and important in
the algebraic and differential topological theory of Morse functions and their
generalizations.
In this paper, as a related fundamental and important study, for given
graphs, we construct certain smooth functions inducing the graphs as the
Reeb graphs. Such works have been demonstrated by Masumoto, Michalak,
Saeki, Sharko etc. and also by the author since 2000s. We present new smooth
functions on suitable 3-dimensional connected, closed and orientable manifolds
through explicit constructive methods.
1. Introduction
First, throughout this paper, graphs are fundamental tools. The vertex set of a
graph is the set of all vertices and the edge set is the set of all edges. A graph is finite
(the vertex set and the edge set are finite) and has at least one edge throughout
this paper.
The Reeb graph of a function on a smooth manifold is the graph obtained as the
space of all connected components of preimages (level sets) such that the vertex
set coincides with the set of all connected components of preimages containing
singular points: a singular point of a smooth map is a point at whcih the rank
of the differential of the map drops. Reeb graphs are fundamental and important
tools in the algebraic and differential topological theory of Morse functions and
their generalizations.
One of fundamental and important studies on Reeb graphs is as the following.
Problem 1. For a given graph, can we construct a smooth function (satisfying
some conditions) inducing a Reeb graph isomorphic to the graph?
Construction of a function inducing a Reeb graph isomorphic to a given graph
was first demonstrated by Sharko ([17]), followed by a work of J. Martinez-Alfaro,
I. S. Meza-Sarmiento and R. Oliveira ([7]), one of Masumoto and Saeki ([8]) and
several works of Michalak ([9] and [10]) etc.. Later the author has also obtained
related results in [5], [6], and so on. In most of such studies, preimages of regular
values are, if considered, disjoint unions of circles or standard spheres and source
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Figure 1. A graph admitting a good function and a graph ad-
mitting no good function.
manifolds are closed surfaces. The author has first succeeded in explicitly con-
structing several Morse functions and so-called circle valued Morse functions whose
preimages are closed surfaces under several constraints on topologies of preimages
of regular values in the presented papers. Note also that in most of these works,
functions inducing Reeb graphs isomorphic to given graphs have been constructed
in the following way. First, we prepare a graph admitting a continuous function
such that the function obtained by restricting the function to each edge is injective
(we call such a function a good function on the graph): see FIGURE 1.
Note that a graph is naturally homeomorphic to a 1-dimensional polyhedron and
that a graph has a good function if and only if it has no loops.
Thus, we construct local functions around vertices respecting the values of given
good function at each vertex. Last we construct a local function having no singular
points around each connected component of the complement of the disjoint union
of small neighborhoods of vertices.
In this paper, we show the following result. Several undefined terminologies and
notation will be explained in the next section.
Theorem 1. For a finite and connected graph G which has at least one edge and
has a good function g : G→ R. Suppose also that a non-negative integer is assigned
to each edge.
Then there exists a 3-dimensional closed, connected and orientable manifold M
and a smooth function f on M satisfying the following properties,
(1) The Reeb graph Wf of f is isomorphic to G: we can take an isomorphism
φ :Wf → G.
(2) If we consider the natural quotient map qf : M → Wf and for each point
φ(p) ∈ G (p ∈ Wf ) that is not a vertex and that is in an edge an integer
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q ≥ 0 is assigned to, then the preimage qf
−1(p) is a closed and orientable
surface of genus q ≥ 0.
(3) For a point p ∈ M mapped by the quotient map to a vertex qf (p) ∈ Wf ,
f(p) = g ◦ φ(qf (p)).
(4) At each singular point, the function is represented as a Morse function, a
composition of a submersion with a Morse function, or a composition of
two fold maps. Furthermore, if the two fold maps just before are a fold map
into the plane and a Morse function, then for the former map, if we restrict
the map to its singular set, then the resulting map is an embedding, except
at a finite subset set of the singular set. Moreover, for the two fold maps
before, the latter map is a height function on an open ball.
We prove this in the next section. We construct a desired function by the pre-
sented method. A new ingredient in the proof is construction around vertices at
which the function have local extrema, or STEP 2.
The author would like to thank Professor Irina Gelbukh for invaluable comments
given after the submission of an earlier version of the present paper to arXiv.org
e-Print archive (https://arxiv.org/). One of the comments let the author think
Problem 2 as a fundamental and important problem. She also kindly told the
author about [2] and [3].
The author is a member of the project Grant-in-Aid for Scientific Research (S)
(17H06128 Principal Investigator: Osamu Saeki) ”Innovative research of geomet-
ric topology and singularities of differentiable mappings”
(https://kaken.nii.ac.jp/en/grant/KAKENHI-PROJECT-17H06128/ ) and sup-
ported by this project. The author would like to thank Osamu Saeki and colleagues
related to this project. The author can present several stuffs in the present paper
owing to their comments in an informal seminar on this paper.
2. Several terminologies and the proof of Theorem 1
For a smooth map, the singular value is a point such that the preimage contains
a singular point, the regular value set is the complement of the singular value set
and a point in the regular value set is said to be a regular value. Morse functions
are well-known but we will refer to them in the presentation of a fold map later:
here we note that height functions of (open) discs are simplest examples of Morse
functions and we consider such functions in various cases in this paper.
A smooth map from an manifold of dimension m > 0 with no boundary into
an manifold of dimension n > 0 with no boundary is said to be a fold map
if the relation m ≥ n holds and at each singular point p, there exists an inte-
ger satisfying 0 ≤ i(p) ≤ m−n+12 and the map is represented as (x1, · · · , xm) 7→
(x1, · · · , xn−1,
∑m−i(p)
k=n xk
2 −
∑m
k=m−i(p)+1 xk
2) for suitable coordinates. The case
where the target manifold is R is forMorse functions and height functions on (open)
discs before are Morse functions with exactly one singular point p with i(p) = 0.
Note also that a correspondence of handle attachments to level sets of Morse func-
tions and singular points of Morse functions is well-known and that this gives us
keys in various situations in geometry. Related to this, see [11] for example.
Proposition 1. For a fold map just before, the following hold.
(1) The integer i(p) is unique (we call i(p) the index of p).
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Figure 2. The image and the preimage of several points in the
target space of a fold map into the plane and around its singular
values. The horizontal thick line indicates the values at singular
points of index 1 and the given fold map is locally regarded as a
product of a Morse function on (the interior of) a compact ori-
entable surface of genus 0 whose boundary (end) consists of three
connected components and the identity map on an open interval.
Circles indicate the preimages of the regular values pointed by the
lines.
(2) The set of all singular points of an index is a smooth submanifold of di-
mension n− 1 and the map obtained by restricting the original map to the
set is an immersion.
In other words, a fold map is locally regarded as a product of a Morse function
with exactly one singular point and the identity map on an open ball. We can
also see this by virtue of a kind of Thom‘s second isotopy lemma (see the proof of
Theorem 5.1 of [16] etc. for explicit usages of such a lemma to see that a smooth
map is regarded as a product of another smooth map and a suitable identity map
on an open disc). See also FIGURE 2.
For fundamental singular theoretical and differential topological properties of
fold maps, see [4], [13], [14] etc.
We introduce the strict definition of the Reeb space (graph) of a smooth function.
Let X be a smooth manifold of dimension m > 1 and c : X → R be a smooth
function. We define a relation on X by the following rule: p1∼cp2 if and only if
p1 ∈ X and p2 ∈ X are in a same connected component of a preimage c
−1(p). This
is an equivalence relation on X and we can define the quotient space Wc := X/∼c.
Definition 1. Wc is said to be the Reeb space of c.
We denote the quotient map by qc : X →Wc.
Set Vc := {p | qc
−1(p) contains some singular point of c. }.
Definition 2. If we can regard Wc as a graph whose vertex set is Vc, then Wc is
said to be the Reeb graph of c.
Remark 1. Reeb spaces may not be regarded as graphs generally. However, for
Morse functions on closed manifolds and smooth functions on closed manifolds
explained in the present paper, they are regarded as graphs.
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Remark 2. Most of functions obtained in this paper is in the class of Morse-Bott
functions. For this see [1] for example.
Proof of Theorem 1. STEP 1 Construction around a vertex p at which g does not
have a local extremum.
We perform construction demonstrated in [6], based on methods in [8], [9], [17],
and so on. We can construct a local Morse function with exactly one singular
value respecting g so that preimages of points in the regular value set are desired
connected and orientable surfaces and that the Reeb space is as desired.
We explain about the construction of the function using FIGURE 3. Let S and
S′ be arbitrary closed and orientable surfaces which may be not connected.
We can attach 2-handles to a surface S × {0} ⊂ S × [0, 1] which may not be
connected and we obtain a new 3-dimensional compact and orientable manifold
whose boundary is the disjoint union of S × {1} and a disjoint union S1 of a finite
number of copies of the 2-dimensional standard sphere. Next, we attach 1-handles
to S1 to obtain a new 3-dimensional compact, connected and orientable manifold
whose boundary is the disjoint union of S×{1} and a 2-dimensional sphere S2. Next
we attach additional 1-handles and 2-handles to S2 to obtain a new 3-dimensional
compact, connected and orientable manifold whose boundary is the disjoint union
of S × {1} and a surface diffeomorphic to S′.
We can attach the handles to S × {0} ⊂ S × [0, 1] simultaneously. This gives a
3-dimensional compact, connected and orientable manifold whose boundary is the
disjoint union of S × {1} and a closed surface diffeomorphic to S′.
This discussion produces a desired Morse function with exactly one singular
value g(p) (we may need to attach an extra pair of 1- and 2-handles to create a
singular point) and the Reeb space is homeomorphic to (the interior of) a small
regular neighborhood of p ∈ G.
STEP 2 Construction around a vertex p at which g has a local extremum.
CASE 1 The case where the vertex p is of degree larger than 1.
We divide the set of all edges containing the vertex into two non-empty sets A1
and A2. Let Si be a closed surface obtained as the disjoint union of all closed,
connected and orientable surfaces whose genera are numbers assigned to edges in
Ai. For S1 and S2, we construct a suitable local Morse function as STEP 1 so
that preimages of regular values smaller than the singular value are S1 and those of
regular values greater than the value are S2. After this construction, we embed the
image so that the image is a parabola in the plane R2 and that the singular value
is the local extremum g(p) with respect to the vertical component and compose a
canonical projection to the vertical axis. The resulting local function is a desired
function. We can see that this local function satisfies the first three properties. For
the last property, it is regarded as a composition of two Morse functions: at each
singular point, the local function is represented as a composition of a submersion
with a Morse function or a composition of a Morse function with a Morse function:
in the two compositions, the latter Morse functions are natural height functions of
a line.
For the construction, see also FIGURE 4.
CASE 2 The case where the vertex p is of degree 1.
First, we consider a local fold map from a 3-dimensional orientable manifold into the
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Attach 2-handles1
2
3
Attach 1-handles to connect the 
spheres.
Attach 1- and 2-handles
to change the sphere of 2
into a desired surface.
to change the given surface into 
disjoint union of spheres.
Figure 3. Handle attachments for a 3-dimensional compact, con-
nected and orientable manifold whose boundary is the disjoint
union of S × {1} (”the given surface” in the figure) and a closed
surface S′ (a ”desired surface” in the figure) producing a desired
Morse function with exactly one singular value on (the interior of)
it.
⇒
Figure 4. Local construction of CASE 1 from a given graph. The
left figure shows the vertex and edges containing the vertex, the
middle one shows the image of the composition of a local Morse
function with an embedding into the plane (and the image is a
parabola as explained) and the arrow in the right represents the
projection onto the vertical axis. S1 and S2 represent surfaces
obtained from the assigned numbers in the left figure and preimages
of the regular values in the middle figure.
plane as presented in FIGURE 5. This indicates the image of the fold map. Thick
lines intersecting at the origin represent embedded curves consisting of values of the
map at singular points whose indices are 1. If we go in the direction of the arrows
in the plane, the number of connected components of the preimages of regular
values increases. Such local maps are constructed by considering attachments of
1-dimensional families of 1-handles and locally constructing products of the natural
Morse functions. Note that the preimage of the embedded dotted circle is a closed
orientable surface of genus k if the number of connected components of the preimage
of a regular value in the first one component in the right is k > 0. In cases where
the numbers of the thick lines are 0 or 1 or so-called generic cases, see [14] for
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⇒
⇒
Figure 5. The image of (the singular set) a local fold map into the
plane (the manifolds and the shapes consisting of circles represent
preimages.
example and we can consider general cases as this. We consider a natural height
function of a 2-dimensional disc in the plane (the disc bounded by the dotted line
in FIGURE 5). It is regarded as one of simplest Morse functions. We choose the
function so that at the origin, where the intersection of the thick lines is located,
the values are extremum and g(p).
By composing the local fold map into the plane with this height function, we can
construct a local function such that the Reeb space is homeomorphic to [0, 1) and
the preimage of each point in the interior of the image can be an arbitrary closed,
connected and orientable surface not diffeomorphic to S2 (in other words the genus
is positive). The resulting local function is a submersion at each point which is not
singular and at each singular point, it is a composition of either of the following
two maps into the plane
(1) A submersion into the plane.
(2) A fold map into the plane such that the restriction map obtained by the
restriction to the singular set is as explained in the last part of the last
property of the four properties in Theorem 1
with a natural height function of an open 2-dimensional disc. This is a desired
local function.
Last, to make the preimage at the point in the interior of the edge S2 or a closed
orientable surface of genus 0, it is sufficient to consider a height function of a 2-
dimensional disc.
Case 3 Around each connected component of the complement of the disjoint union
of small regular neighborhoods of vertices.
Last, we construct functions around each connected component of the comple-
ment of the disjoint union of small regular neighborhoods of vertices. We can
construct these functions as trivial smooth bundles.
Finally, we can glue the local functions together by suitable diffeomorphisms: note
that most of local functions are constructed as functions on open manifolds with
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compact ends and we can extend them to functions on compact manifolds with
boundaries in canonical ways: we can choose diffeomorphisms so that the manifolds
are orientable. This gives a desired function on a 3-dimensional closed, connected
and orientable manifold. 
Problem 2. Find restrictions on the topologies of manifolds admitting functions
of Theorem 1 satisfying appropriate topological conditions.
As simplest answers, in [15], manifolds admitting Morse functions such that
preimages of regular values are disjoint unions of spheres have been studied and 3-
dimensional closed, connected and orientable manifolds admitting Morse functions
such that connected components of preimages of regular values are S2 or S1 × S1,
or ones such that 0 or 1 are assigned to all edges in Theorem 1, are characterized
as manifolds represented as connected sums of Lens spaces or S2 × S1.
Problem 3. Can we show a non-orientable version of Theorem 1?
In fact we can obtain an answer and we will present this roughly.
In Case 2 of STEP 2 and FIGURE 5, on the preimage of a point in the interior of
an edge including the vertex of degree 0 at which the function has a local extremum,
we can construct a local function so that the preimage is a non-orientable surface
of genus 2k (k > 0). For this, we construct a local fold map as FIGURE 5 so
that preimages of regular values are connected and circles instead. For this. we
take each local Morse function with one singular point as one on the (interior of
the) Mo¨bius band with the interior of a smoothly embedded standard closed disc
removed, instead of one presented in FIGURE 2. We also need to consider about
STEP 1 and Case 1 of STEP 2 also in this case. If as connected components
of preimages of regular values, we consider only closed and orientable surfaces or
non-orientable ones whose genera are even, then we can argue similarly.
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